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The aim of this note is to discuss some basic properties of compact non- 
linear operators which in the linear theory of ill-posed problems are widely 
used: namely the singular value decomposition and the characterization of 
the range of the operator, i.e., the Picard criterion. Usually an equation 
F(x) = Y (*I 
is said to be well posed if the operator F is surjective, injective and con- 
tinuous invertible. If F maps a (bounded) subset A of a Banach space X in 
a relatively compact subset of a Banach space Y, then F(A) is of the first 
category in Y, thus in each neighbourhood of y E F(A) there are 7 $ F(A) 
and the solution of (*) may not exist or is very unstable. This kind of ill- 
posedness, also in the case of injective operators, implies the need to 
characterize Range F as exactly as possible. It was a very fruitful obser- 
vation of A. N. Tikhonov to use the well-known topological lemma, that a 
continuous injective mapping from a nonempty compact metric space A 
onto B is continuous invertible. Thus an equation (*) is said to be con- 
ditionally well posed if F is a continuous injective mapping from a compact 
metric space A onto B. This means in practice that there is an a priori 
information on the solution available. In this note I will state an 
approximate version of this lemma, which can be used for the approximate 
solution of (*), e.g., by projection methods. 
Nonlinear ill-posed equations are sparsely considered; see, e.g., the 
Russian books of V. A. Morozov [73, V. K. Ivanov, V. V. Vasin, V. P. 
Tanana [3], V. P. Tanana [14], and M. M. Laurentiev et al. [4]. A 
review of the theory of linear ill-posed equations can be found in C. W. 
Groetsch [2]. 
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1. REPRESENTATION THEOREMS 
It is a well-known classical result that each compact linear operator T 
between Hilbert spaces has a representation with orthonormal systems (u,) 
and (II,,) and a positive monotone null sequence (A,,) 
TX = c &(x, u,) ~7,~ (1.1 
“=, 
especially 
(singular function expansion or polar decomposition). For compact linear 
operators between Banach spaces there is no general result in this direction 
but for some special classes of operators between special spaces there are 
representations theorems (see, e.g., A. Pietsch [9] or the classical theorem 
of J. Mercer [6]). A similar theory for nonlinear operators is not yet 
developed (for partial results see E. Schock [ 11, 121). 
Here I will present a general representation theorem for compact non- 
linear operators in a Hilbert space which gives also a kind of singular 
function expansion. 
THEOREM 1.1. Let A be a bounded subset of a Banach space X, H a 
Hilbert space and F: A + H a continuous mapping, such that F(A) is a com- 
pact subset of H. Then there exists an orthonormal system ( y,) in H, a 
sequence of continuous bounded functions cp,,: A -+ C, such that for all x E A 
F(x)= f CP,(X)Y,. (1.2) 
n=l 
ProoJ Since C = F(A) is compact in H, there exists a ur E C such that 
IIu,I( =max{ IIuII: uEC1. 
Let II, = IIu,I/, y1 = uI/llu,ll. For k> 1 there exists a uk EC such that 
IIukll =max{Ijull:u~C, (u,yj)=O forj<k}. 
Let & = IJukllr y, = udllukll. So one obtains a finite or infinite sequence of 
orthonormal elements ( yk). Let 
(Pi = (F(x), y/c). 
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F(x)= f Vk(X) Yk. 
k=l 
Let 
F”(x)= f qktx)Yk 
k=l 
then 
max IIF(x)-Fn(x)ll =y$; c (Pk(x)yk 
XEA II k>n II 
=max{Ilul(,uEC, (U,yj)=OfOrj<k) 
=A n+l. 
Since C is compact, 
lim A,=0 
n-a 
thus 
If x, E A is chosen such that F(xn) = u,, then one has a singular system 
for F. 
COROLLARY 1.2. There exists an orthonormal system (y,) in H, a 
monotone null sequence (2,) and a sequence (x,) in A, such that for all n 
4x,) = AY,. (1.3) 
As an example of a representation theorem for compact operators 
between Banach spaces I will mention the following class of operators. 
DEFINITION 1.3. Let A be a bounded subset of a Banach space X. A 
mapping F from A into a Banach space Y is said to be p-nucleoid iff there 
exists a sequence of continuous bounded @-valued functions (Pk on A and a 
sequence ( y,) in Y such that 
sup 
IIYV G I (1 IY*bk)l’)“q < + a 
(1.4) 
(1.5) 
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and for each x E A 
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(1.6) 
The series (1.6) is unconditionally convergent, since for each finite subset 
M of N 
If Y is a Hilbert space and F(A) is compact, then F is 2-nucleoid, since 
EXAMPLE 1.4. A l-nucleoid operator from the unit ball G’ of 
C[ - 1, l] into C[ - 1, 1 ] is given by the following example: Let 
k: [ - 1, 1 ] x [ - 1, l] + R a continuous symmetric function such that the 
linear operator T: C[ - 1, 1 ] -+ C[ - 1, 1 ] 
(Tx)(t)=j’ k(t,r)x(t)dz 
-I 
has positive summable eigenvalues. Then the operator 
F: U+C[-1, l] 
defined by 
(Fx)(f) = j’, k(t, x(7)) d7 
is 1-nucleoid, since by the theorem of J. Mercer 
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is uniformly and absolute convergent. With 
one has 
SUP SUP I.Y*(41)l< supllUnll <CO. IIr.*ll c I n 
Further examples for representations of nonlinear operators can be found 
in [ll, 121. 
2. THE PICARD CRITERION 
An important point in the theory of linear ill-posed problems with com- 
pact operators Tin Hilbert spaces is the characterization of the range of T, 
which has implications for the existence of solutions of equations of the 
first kind TX = y. An easy consequence from the polar decomposition (1.1) 
is the following criterion of E. Picard [S]: 
The equation TX = y has a solution iff 
Y=~Lvn 
such that the coefficients (5,) have the following decay: 
(2.1) 
Again, for linear operators between Banach spaces, characterizations of 
such type exist only in very special cases. Since the range of a linear 
operator is a convex set, but not necessarily the range of a nonlinear 
operator, Theorem 1.1 implies only an inclusion theorem for the range of a 
compact nonlinear operator. 
THEOREM 2.1. Let A be a bounded subset of a Banach space X, H a 
Hilbert space and F: A + H a continuous operator, such that F(A) is com- 
pact. Then 
RaweFc Y= f ‘Ikyk, v f ivki*<A: 
1 k=l ncN k=n 
where (&, yk) is a singular system of F. 
(2.3) 
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Proof Since 
for YEF(A), y=xqk)Tk and (y,y,)=O fori<n 
A quite well studied object in approximation theory is the fulf 
upproximarion set (see, e.g., G. G. Lorentz [S]). For a sequence n = (1,) of 
positive reals and an increasing sequence Z= (X,,) of subspaces of a 
Banach space X the full approximation set A(n, E) is defined by 
Next I will show that the range of a compact operator is a subset of a cer- 
tain full approximation set. Let B be a bounded subset of a Banach space, 
X, c X an n-dimensional subset of X, 
b(B, X,)=sup inf Ilx-~ll 
XEB VEX” 
and 
S,(B)=inf{G(B, X,), X, cX,dimX,,=n,X,_,cX,) 
the moditied n-width of B (in the usual definition of the n-widths the 
postulate X, ~ , c X, is missing). 
PROPOSITION 2.2. Let F: A + Y a continuous mapping, such that F(A) is 
compact. Let Z= (2”) be an increasing sequence of subspaces of Y such that 
&(W))=WW, k, 
and 
A = (&(WH). 
Then 
Range Fc A(A, E). 
Since for many important compact subsets of function spaces the n-widths 
and the extremal subspaces fn are known (see, e.g., A. Pincus [ 10) and the 
references in this book) for concrete operators in function spaces it is often 
possible to find nearly extremal subspaces for F(A). 
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3. APPROXIMATE SOLUTION OF ILL-POSED EQUATIONS 
An important role in the theory of methods for solving ill-posed 
problems plays a topological lemma, which first was used by A. N. 
Tikhonow [l5] and which is known as the theorem on the stability of the 
inverse operator: 
LEMMA 3.1. Let F be a continuous injective mapping from a nonempty 
compact set A onto the compact set C. Then the inverse operator F-l is con- 
tinuous. 
Here I will state an approximative version of this lemma, which provides 
us an approximative solution of ill-posed equations. 
For convenience I will formulate this theorem for projection methods, 
but with simple changes of the assumptions it is applicable in other 
situations, too. 
Let (X,), ( Y,) be sequences of subspaces of X resp. Y, P, : X+ X, , 
Q, : Y + Y,, sequences of pointwise converging projections. Then a projec- 
tion method for the approximate solution of 
F(x) =J (3.1) 
is the solution of the equation 
QnF(PnxJ = Qnv. (3.2) 
THEOREM 3.2. Let A c X be a nonempty compact set F: A + Y a con- 
tinuous injective operator. Let P,A c A and F,, = Q,, FP,, y E F(A) and 
F(f) = y. If then for almost all n the equations 
Fn x, = Qnv (3.3) 
have solutions x, E A n X,,, then 
lim x, =J?. 
n + x) 
Proof Since lim Qny = y and P,x = x for each x E X, y E Y and since A 
is compact, we have 
lim sup /IF(x) - I;n(x)II = 0. 
n-+x, XEA (3.4) 
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Let (x7(,,,) be a convergent subsequence of (x,) with limit I,. Then 
if z(n) is chosen, such that 11 y - Qrtn,yII GE, IIF,,,Z,x - 1511 Q E for all x E A 
and IIF(xrfn,) - F(x,)ll GE. This implies F(4) = F(x,) and by the injectivity 
of F also .f = x,. Since every subsequence of (x,~) has a convergent sub- 
sequence with the same limit .C the sequence (x,) itself is convergent with 
lim ?c,, = .<. 1 
The following example indicated in [13] shows that the simplified 
regularization of the equation F(X) = y, proposed by A. B. Bakushinski 
[ 11, in general will not converge. This method consists in determining the 
solutions x, of ax + F(x) = y for a # 0. 
Let F: X -+ X be a linear operator such that for all a > 0 (al+ F) - ’ 
exists. Then for y = F(2) 
i-xX=a(aI+F)-‘i. 
Let X= 1 ‘-, (E.,,) a positive monotone null sequence and F= @ J2 (A,,). 
where 
Let i = (0, 1, 0, 1, 0, l,... ). Since 
1 1 
Jz(l,)-’ = 
;i;l 1; I --I 0 1 i-, 
1 
IF-x,ll =yp (n,;a,‘=r. 
Thus (x,) does not converge to .C for 0 < x + 0. 
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